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I. INTRODUCTION 
The study of inviscid, irrotational and hornentropic steady flow of a 
compressible fluid past an obstacle is of wide interest. The equations defining 
the motion of such a flow are 
v * (pg) = 0 (1) 
ui?++-+g, ~!!++-$g (2) 
P =ftP) (3) 
4’ = grad 4, (4) 
wherep is pressure, p is density, i is velocity, II and v are velocity components, 
qs = u2 + va, and 
u=4z, v=+,. (5) 
The equation (3) is called the equation of state. 
In the usual fashion, the equations in (2) readily yield the Bernoulli 
equation: 
+ 4% + 1 F = constant. (2.1) 
But then (2.1) and (3) imply that 
P = P(dm2 + At”), (6) 
that is, that p is a function of (&a + 4,s). Next, rewriting (1) in the form 
; (PA) + g (P&J = 0, (7) 
1 Supported by Contract No.: DA-11-022-ORD-2059 from the U.S. Army. 
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one finds that (l)-(3) imply the following equation of motion: 
where 
For a known equation of state, c2 can be calculated and then substituted 
into Eq. (8) to yield the equation of motion corresponding to the given equa- 
tion of state. For any polytropic gas, like air, (3) is assumed to be of the form 
P = apr, Y>l, (10) 
where a is a constant and y is the ratio of the specific heats. 
Note that Eq. (8) is elliptic, parabolic or hyperbolic according as the Mach 
number 
M = 
( 
dr2 + 6,” l/2 
c2 1 
satisfies M < 1, M = 1, or M > 1, i.e., according as the flow is subsonic, 
sonic, or supersonic, and because we have assumed the flow to be irrotational, 
attention will be directed only to the subsonic case. 
Note also that when a fluid flows past an obstacle in an infinite domain, the 
natural boundary conditions are 
a$ 0 -= , 
an 
on the surface of the obstacle, and 
q = V (constant), (12) 
in the x-direction at infinity. 
Of fundamental interest, then, is the following boundary value problem. 
PROBLEM B. For a fixed obstacle 0 in the g-plane, and for fixed f and 
V, find a function 4(x, y) which is defined for all real x and y and which 
satisfies (3), (4), (8), (ll), (12), and 
Mel. (13) 
Because a solution of Problem B can almost never be given in closed form, 
much effort has been expended in approximating solutions. The four most 
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popular methods are the linear perturbation method (see, e.g., [l]), the hodo- 
graph method (see, e.g., [2] and [3]), the method of successive approximation 
(see, e.g., [41 and [51), and the variational integral method (see, e.g., [6]). 
In this paper we shall extend a variational integral technique developed 
in [7] to yield a new approach for approximating solutions of Problem B. The 
essence of the method is to approximate the variational integral on a suitably 
bounded region with an appropriate algebraic function and to extremize 
this function by means of digital computer techniques. In the process, 
derivatives and integrals will be replaced by differences and sums, respec- 
tively. And though the method is quite general, actual computations will be 
restricted to the case where the fixed obstacle is a cylinder and the equation 
of state is (10). 
II. ANALYTICAL PRELIMINARIES 
The variational integral for Problem B is 
I= 
ss P dx 4, RCCJ 
(14) 
where the region R, of integration has its boundary surface C,, sufficiently 
regular to permit the application of Green’s Theorem. As indicated in 
Section I, p is a function of &a + $y2, and therefore p is a function 
of &2 + +,“. For the general equation of state (3), then, the variational 
integral (14) can be written in the form 
I= ss F(43c” + Aa) dxdr. % (15) 
The Euler-Lagrange equation of (15) is 
The relation between Q and p is assumed to be of the form 
p = 2F*(p2). (17) 
Equation (16) is the equation of motion for the boundary value problem 
when the equation of state is prescribed in a general form (3). Finn and 
Gilbarg [8] have obtained a max-min principle for the partial differential 
equation (16) when the boundary value problem extends to infinity, provided 
the flow region is free of singularities. Bers [9] and Schiffrnan [IO] have 
proved existence and uniqueness theorems for subsonic flows past a given 
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profile. Shiffman also proved the existence of a critical Mach number M,* 
such that for any &Z,,, < M,* there exists a uniquely determined completely 
subsonic flow with free stream Mach number Ma and no circulation about 
the obstacle. If the maximum local Mach number in the fluid flow be denoted 
by M < 1, which depends on M, , then the flow and M depend continuously 
on M, as M, varies in the range 0 < M, < M,*, with M -+ 1 as 
M,-+ M,*. 
For numerical considerations, we shall wish to focus attention on a particu- 
lar, yet basic, problem. Hence, in the remainder of this section we restrict atten- 
tion only to equation of state (10) and to an obstacle whose profile is a unit 
cylinder. Since (10) is a particular case of (3), all the analytical results quoted 
above apply to our considerations. Moreover, besides the actual construction 
of flows, we shall show how to approximate M,,,* for the class of problems to 
which we have restricted our attention and in Section IV will show how to use 
our method to mark the emergence of a supersonic bubble. 
One final remark is in order before proceeding to computational considera- 
tions. Since Problem B is defined on an infinite domain, one must be careful 
about the convergence of the variational integral (15). This difficulty can be 
overcome by subtracting appropriate terms such that the Euler-Lagrange 
equation remains unaffected and the modified integral converges. Such a 
formulation has been given by Lush and Cherry [6] in terms of the velocity 
potential function 4. It is 
) dx dy + I, (P #$ - V%mx $) ds, 
where 
I$ = vx + vx. (19) 
Lush and Cherry have shown that a function 4 which makes Z stationary is a 
solution of Problem B. Further, the stationary value of Z(4) will be a maximum 
if the stationary flow is subsonic throughout R. 
Equation (19) represents the velocity potential 4 in terms of both the 
undisturbed velocity potential FX and the disturbed velocity potential 
function Vx. According to the boundary condition at infinity, Vx and hence x 
must tend to zero as the distance from the cylinder tends to infinity. Finally, 
by the polar transformation, the variational integral reduces if C, is the unit 
circle to 
I 2a 00 
p,= s I 
[F - 1 + yM,WJ r dr d0, 
e-o r=1 
(20) 
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where 
2sin8 ax 
2c0se$---- 
r ae 
and the boundary conditions reduce to 
a+ 0 ax z=, or, r=- cos 8; at r=l 
and 
(22) 
x=0 at r = co. (24) 
Thus, Problem B has been transformed to the problem of finding a function 
x which maximizes (20) and satisfies (23) and (24), and it is to this reformula- 
tion that the major numerical effort will be directed. 
III. THE NUMERICAL METHOD 
We attempt to approximate a function x which maximizes (20) and satisfies 
(23) and (24). The technique to be described is particularly suitable to high 
speed digital computation. Discussion of computational results will be 
presented in the next section. 
Because the flow is completely symmetrical about the lines 6 = 0, CT/~, V, 
we will restrict attention to 6 values in the range (p/2) < 6 < 7r. Further 
since an upper limit of cc in an integral is undesirable both physically and 
computationally, we shall replace infinity by a real number R >> 1. Thus, in 
place of functional (20), we will consider 
where F and H are defined by (21) and (22). Physically (consult Fig. l), we 
have replaced the infinite domain of the flow by the bounded, annular 
domain between the circles r = 1 and I = R. Attention will then actually 
be directed toward maximizing (25) rather than (20). 
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The domain of definition: (r/2) < 0 < 71, 1 < Y < R for functional (25) in 
the Y, 0 plane is of course a rectangle (consult Fig. 2a). As shown in Fig. 1 
and 2a, the points A(- R, 0), B(- 1, 0), C(0, I), D(0, R) in the x, y plane 
map, correspondingly, into the points A’(n, R), B’(n, l), C’((n/2), I), 
D’((T/~), R) in th e Y, B plane. In the Y, 0 plane, let 9 represent the rectangular 
domain whose vertices are A’, B’, C’, D’. 
FIG. 1. The modified domain in x-y plane. 
Now divide C’B’ into m equal parts by means of the values 
$= e. < e1 < 8, < -.. < em = T, 
where LIB = Bi - &-r , i = 1, 2 ,..., m, and divide C’D’ into n equal parts by 
meansofthevaluesl =~,,<r,<r,<~~*<r,=R,wheredr=r~-rJbl, 
j = 1, 2,..., n. 9 is thereby subdivided into mn subrectangles SSii , i = 0, I,..., 
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m - 1, j = 0, l,..., n - 1, where the vertices of gii are (tit, Ye), (Bi+l , ri), 
(di, rj+l), (Bi+I , rj+l), as shown in Fig. 2b. 
For notational convenience, we shall set Fiej = F(ei , Tj). 
Now, it will be convenient to approximate derivatives in (25) by differences. 
For this purpose, let 
( 1 ax = Xi&l - Xi.i a i,j Ar 
( ) 
ax = Xi+l.j - Xi.i 
33 i,j de * 
i=O i=m 
e 
IllIll’ I 
TITIIII 
I I I I I I I 
I I I I I I ! 
-1 I I I I I : 
I I I I I I : 
I I I I I I f 
I I I I I I ! 
C’ ) 
5 e , 
FIG. 2a. Subdivision of the modified domain in the r-8 plane. 
The function (25) is then approximated on each gij by 
+ (X&j+;; Xi.j)a + $ (xicl.;; Xi.j~/]y’+l) _ 1 
+ yMm‘J [(l - 5) (xi*j+;; “*j) cos ei 
-(l +~)(Xiil.~BXi.j)~]j,,ArAe. 
(26) 
(27) 
j=o 
y’ 
(28) 
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The variational integral (25) is then approximated on SB by 
rra-1 n-1 
J-J*= C C Jo- (29) 
j=o j=o 
Now, (29) contains unknown values of x at grid points both interior and on 
the boundary of 9. We can eliminate such values of x on the boundary of L@ 
by approximating boundary conditions as follows: 
(i) at points of C’B’, let 
Xi.1 - xi.0 =- a cos ej ) 
LJY 
- 
( ei, rj 1 I 
( 7+1’ ‘j+l) 
( ei+l, rj 1 
FIG. 2b. Typical subdivision of the modified domain in the r-8 plane. 
or, equivalently 
xj.0 = h CO8 4 + xj.1; (30) 
(ii) at points of DA’, let 
1 
X = Xincompreaaible = 7 cos 8; (31) 
(iii) at points of C’D’, let 
x = 0; (32) 
(iv) at points of A’S, let 
xm.j = xm-1,i . (33) 
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Substitution of (30)-(33) into (29) yields the algebraic approximation 
/ - J* = J*(xi,i); i = 1, 2,..., m - 1; j = 1, 2 ,..., 71 - 1. 
To maximize /* then, we consider the system of nonlinear algebraic equa- 
tions 
aj* i = 1, 2,..., m - 1 = 
ax,,j O, j = 1, 2 ,...) n - 1. 
In practice these equations were solved by a generalized Newton’s Method 
(see [ll], p. 136) and their solution was taken to be the approximation to an 
analytical function x which maximizes J. The approximation to x on the 
boundary of 9 was then determined by means of (30)-(33), and the general 
method of approximation is now complete. 
It should be noted that in actual practice it was found after a large number 
of examples were run that the accuracy could be improved if .CS was modified 
to allow (42) < 8 < x + LIB, as shown in Fig. 2a. On this new domain the 
boundary condition imposed on the line 0 = rr + A0 was xnz+rSj = ~,,,-r,~ , 
which indeed reflects the symmetry property on A’B’ to a greater order of 
accuracy than does (33). Of course, in a natural fashion, the number of 
unknown xii’s increases from (m - 1) (n - 1) to m(n - 1). This modification 
was made in all calculations to be described in the next section. 
After the xi,l)s were calculated at all interior grid points in 9, they were 
approximated at boundary grid points by means of (30). The following 
additional quantities were then calculated by discretizing the given equations 
and inserting the known, approximate values: 
(i) the speed Q of the fluid, given by 
( 1 
I2 
V 
= 1 +2cos~c!~2si”B~ 
r + (-g)” + f (-g)‘; (35) 
(ii) the sonic speed on the surface of the cylinder, given by 
c2 1 ( ) 7 =-+?$I1 -(+Y/, Mm2 
where Q has been determined from (35); 
(iii) the acceleration of the fluid on the surface of the cylinder, given by 
(7) 
where q8 denotes the speed on the surface of the cylinder; 
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(iv) the pressure p/pm and the pressure coefficient C, on the surface, 
given by 
-- 
P - = 1 + +im2 11 - (+,“i]‘“‘-“, 
Pm [ 
c, - j& 2: , 
2 * 
where q/V is determined from (35); 
(v) the stream function #*, where 
is defined by the conditions 
a+* P -= - 
ar ( H Pm 
sin e - + g] 
and 
**=o when r = 1. 
We use the approximation 
a** *L - *L Xi-1.i -= 
ar Ay = k isj * rj d6’ 0 [ sin 0. _ 1 Xi*i - I ’ 
in which 
P - = 1 + y+ Mm2 11 - (+)21]1’+1) 
PC0 [ 
(38) 
(39) 
(40) 
(41) 
(42) 
(43) 
and where we use a rectangular integration procedure. 
IV. NUMERICAL RESULTS 
Before deriving any specific conclusions, we shall attempt to give some 
order to the voluminous computational results obtained by applying the 
method of Section III. All programming was done by H. Asai on the CDC 
3600 at the University of Wisconsin. 
The gas with which we were concerned is air, so that y = 1.405. We set 
R = 20. The disturbed velocity potential function x was plotted for dif- 
ferent values of M, and for various values of Y selected from r = 1, 1.6, 2.2, 
2.8, 3.4, and 4.0 (see [12]), a typical example of which is shown in Fig. 3, 
where curve 1 represents a comparison solution constructed by the M2-ex- 
pansion method. Since Imai gave results only for M, = .35 and .4, we have 
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TABI 
SPEED q/V OF THE Furr 
(Duplicate upper values at Mm = 
shows the value of q/V greater than C/T 
Our Sols. -.----+ 
Imai Simasaki 
Lush & Me-ex- M*O-ex- Wang Linear- 
Y=l Cherry pansion pansion (Y = 2) ized Sol. Ar = .2 Ar = .2 Ar z-.2, 
0 Mm= .4 Mm = .4 Mm= .4 M,= .4 Mm = .4 Mm = .3 Mm= .39 Mm =-39 
90” 
99” 
100” 
108” 
110” 
117” 
120” 
126” 
130” 
135” 
140” 
144” 
150” 
153” 
160” 
162” 
170” 
171” 
2.3102 
2.2492 
2.1074 
1.8340 
1.5568 
1.2537 
0.9536 
0.6464 
0.3280 
2.284 
2.227 
2.068 
1.836 
1.561 
1.266 
0.959 
0.644 
0.323 
2.3106 
2.2454 
2.0704 
1.8288 
1.5546 
1.2625 
0.9575 
0.6433 
0.3231 
2.335 
2.271 
2.097 
1.845 
1.552 
1.247 
0.941 
0.635 
0.319 
2.285 
2.229 
2.070 
1.836 
1.571 
1.260 
0.957 
0.635 
0.319 
2.1686 2.3586 
2.1329 2.3069 
@G$ 
2.3131 
2.0242 2.1291 2.13L5 
1.8559 1.9010 1.9016 
1.6423 1.6478 1.6474 
1.3956 1.3790 1.3782 
1.1251 1.0997 1.09@3 
0.8378 0.8130 0.8122 
0.5390 
0.1564 
0.5213 0.5208 
0.1564 0.1564 
- 
< 
* These values were obtained by linear interpolation. 
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N THE SURFACE OF THE CYLINDER 
a the values for 1Oes accuracy). 
shows the value of q/V of the same order as C/V. 
--- . 
(see note) 
AT = .2 Ar = .15 Ar = .15 Ar = .15 Ar = .l AT = .I Ar = .l AT = .l 
Mm = .4 Mm=.3975 Mm = .404 Mm = .43 Mm = .392 Ma = .4 Mm = .404 Mm= .43 
2.4099 
2.4006 
2.3509 
2.3428 
2.3206* 
2.1480 
2.1427 
2.0890* 
1.9082 
1.9043 
1.8183* 
1.6491 
1.6462 
1.5258* 
1.3775 
1.3753 
1.2199* 
1.0970 
1 AI955 
0.9084* 
0.8103 
0.8094 
0.5835* 
0.5193 
0.5189 
0.1967* 
0.1564 
0.1564 
B 
2.2864 
2.3590 2.6665 2.2625 
2.3090 2.2776 2.2226 
2.1086 2.1165 2.1241 2.0673 
1.8825 1.8838 1.8771 1.8563 
1.6319 1.6302 1.6170 1.6151 
1.3659 1.3629 1.3478 1.3553 
1.0894 1.0863 1.0720 1.0828 
0.8056 0.8029 0.8017 
0.5168 0.5148 
0.1564 
0.5150 
0.1564 
0.7914 
0.5075 
0.1564 0.1564 
- 
2.2844 
2.2434 
2.2249* 
2.0769 
2.0285 * 
1.8590 
1.7774* 
1.6142 
1.4980* 
1.3527 
1.2011* 
1.0798 
o.a927* 
0.7991 
0.5766* 
0.5130 
0.1952* 
0.1564 
@@ 
2.2549 
2.3790 
2.3397 
2.0817 2.0938 
1.8601 1 .a549 
1.6136 1 A006 
1.3513 1.3359 
1.0783 1.0637 
0.7977 0.7859 
0.5121 
0.1564 
0.5044 
0.1564 
l 
4o9/18/1-7 
TABLJ 
SPEED q/v OF THE FUJI 
(Duplicate upper values at Mm = 
-2 
e=nj2 
Y 
1 
1.1 
1.15 
1.2 
1.3 
1.4 
1.45 
1.5 
1.6 
1.7 
1.75 
1.8 
1.9 
2.0 
2.05 
2.1 
2.2 
2.3 
2.35 
2.4 
2.5 
2.6 
2.65 
2.7 
2.8 
2.9 
2.95 
3.0 
4.0 
5.0 
5.05 
Our Sols. ------+ ____ 
Imai Taylor & Linear- 
Lush & M”-ex- Sherman Wang ized 
Cherry pan. Mm = .4 (y = 2) Sol. AY = .2 AY = .2 AY= 2 
Mm = .4 M, = .4 (y = 1.4) Mm = .4 Mm = .4 Mm = .3 Mm = .39 Mco = .39 
- 
2.3102 2.284 2.335 2.285 2.1686 2.3586 2.3658 
1.9397 1.920 
1.603 
1.345 
1.89 1.959 1.921 
1.604 
1.345 
1.8079 1.9662 1.9722 
1.5866 1.7019 1.7061 
1.6144 1.60 1.629 
1.4452 1.5324 1.5355 
1.3493 1.4174 1.4197 
1.3502 1.35 1.360 1.2814 1.3359 1.3377 
1.2316 1.2761 1.2776 
1.1940 1.2309 1.2321 
1.1650 1.1960 1.1970 
1.1421 1.1685 1.1694 
1.1561 1.155 1.18 1.162 1.155 1.1238 1.1464 1.1472 
1.0705 1.0822 1.0825 
1.0467 1.0533 1.0535 
* These values were obtained by linear interpolation. 
N THE LINE 0 = n/2 
ore the values for 10m8 accuracy) 
Ar = .2 Ar = .15 Ar = .I5 Ar = .15 Ar = .l Ar = .l Ar = .l Ar = .l 
M, = .4 Mm=.3975 M, = .@$ M, = .43 Mm = .392 Ma = .4 Ma = ,404 Mm = .43 
- 
2.4099 
2.4006 
2.0089 
2.0012 
2.7323 
1.7264 
1.7264* 
1.5552 
1.5504 
1 A352 
1.4313 
1.3503 
1.3469 
1.2880 
1.2851 
1.2410 
1.2385 
1.2046 
1.2025 
1.1760 
1.1741 
1.1530 
1.1514 
1.0859 
1.0853 
1.0558 
1.0557 
2.3339 2.3590 2.6665 
2.0300 2.0518 2.3192 
1.8039 1.8206 1.9822 
1.6440 1.6572 1.7616 
1.5271 1.5376 1.6105 
1.4391 1.4477 1.5018 
1.3713 1.3784 1.4205 
1.3180 1.3240 1.3578 
1.2754 1.2805 1.3084 
1.2408 1.2452 1.2686 
1.2123 1.2161 1.2361 
1.1886 1.2092 
1.1687 1.1866 
1.1518 
1.1920 
1.1717 
1.1545 
1.0537 
1.1675 
1.0596 
1.0531 
2.2625 2.2844 2.2964 2.3790 
2.0572 2.0771 2.0880 2.1631 
1.8906 1.9077 1.9170 1.9808 
1.7599 1.7746 1.7827 1.8367 
1.6556 1.6683 1.6752 1.7210 
1.5710 1.5821 1.5881 1.6271 
1.5015 1.5112 1.5165 1.5500 
1.4439 1.4524 1.4571 1.4860 
1.3955 1.4031 1.4072 1.4323 
1.3546 1.3614 1.3650 1.3870 
1.3197 1.3257 1.3290 1.3483 
1.2896 1.2951 1.2980 1.3151 
1.2636 1.2685 1.2712 1.2864 
1.2409 1.2454 1.2479 1.2615 
1.2211 1.2252 1.2274 1.2396 
1.2036 1.2073 1.2094 1.2204 
1.1881 1.1916 1.1934 1.2034 
1.1743 1.1775 1.1792 1.1884 
1.1621 1.1650 1.1666 1.1749 
1.1511 1.1538 1.1552 1.1629 
1.1412 1.1437 1.1450 1.1521 
1.0804 1.0817 1.0824 1.0861 
1.0535 1.0542 1.0545 1.0570 
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used the following expression due to him [4] in order to calculate other 
results up to &&terms: 
x= Lose+Mz 
r I( 
13r-1-L++Lf-5 #-OS0 12 
2 12 1 
+ (- f y-1 + & r-3) cos 381 
+ M4 1 [(s r-l - 4 r3 + ; v5 - & r-’ + & r9) cos 0 
+(-g v-1 - ;?s 5 r-3 + 16 3 1-5 - 24 1 r-’ + -L-Q 144 1 cam 38 
+iii 
1 1 
~-1 + G y-3 - B ~5, 
) I 
cos 58 
+ (- & r-3 + -r-5 - f6 &r-7) cam 38 
+ (A 7-3 - $ r-5) cos 5811 . (4) 
For M, = .3, .392, .3975, .4, .404, and .43, the generalized Newton’s 
Method converged and the calculated values of x agreed with Imai’s solution 
through two decimal places. At Mm = .45 and .5 the iteration in our method 
converged up to a point and then it diverged. 
We have considered three values of Ar : .20, .15, .lO and one value of 
Afl = go. The results imply that the true value of x appears to settle around 
the curve for Ar = .I. 
For the convergence of the Newton’s method of iteration we mostly set 
a tolerance of z = 10e4, because check calculations with E = 10-s always 
yielded completely comparable results. 
Tables 1 and 2 give the velocity on the surface of the cylinder and on the 
line e = (r/2). 
In Table 1, it will be observed that for 0 = 90” the local Mach number 
equals unity for: Ar = .2 and M, = .392; Ar = .15 and Mm = .3975; 
Ar = .l and M, = .404. Physical considerations indicate that these values 
of Ma should be the critical Mach numbers for the corresponding values of 
dr. They are so recorded in Table 3. 
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TABLE 3 
VALUPS OF THE CRITICAL hhc~ NUMBER 
Estimated value of Mm* obtained by Simasaki is 0.4. 
101 
de = 9” 
A r Max. Velo. Mm * 
.2 2.365 .392 
.lS 2.333 .3975 
.l 2.296 A04 
Figure 4 shows the speed on the surface of the cylinder. Curves 1 and 2 
just meet at B = 1~12, which checks that the critical value of Mm for Ar = .20 
Speed * 52 
V 
1 
,- 
5 
3. ( 
2. i 
2. c 
1. 5 
1. 0 
0.5 
- _.’ 180 170 160 150 140 130 
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is M,* = .392. Curves 5 and 6 of Fig. 4 show the uniform subsonic case 
when Ar = .I and &I, = .40; the curve for the sonic speed does not intersect 
the curve for the fluid speed. 
Streamlines and equivelocity lines were plotted for four cases AY = .2, 
M, = .392, AY = .I, M, = .4, .404, .43 and are shown typically in Figs. 5 
and 6. 
Act. 
I 
5 
4 
2 
1 
- 
3 
Curves 2 and 3 
are very close 
I\ to Curve 1. 
4 
180 170 160 150 140 130 120 110 100 90 0 
Curve 1 . . . Act. Mm=. 392, 
2 . . . ACC. Mm=. 3975, Ar =. sop:; 
. 
3 . . . Act. Mm=. 404, Ar=.l J 
4 . . . Act. Ma=.43 Ar=.l Supersonic bubble 
FIG. 8. Acceleration of the fluid on the surface of the cylinder T = 1. 
We have computed the results for Mm greater than the critical value and, 
as said earlier, we get convergence up to M, = .43. For Ar = .l, Mm = .43, 
we get a supersonic bubble as shown in Fig. 6. In Fig. 4, curves 3 and 4 
intersect when 19 = 105.5”. Thus the supersonic bubble is bounded by the 
points r = 1, 0 = 105.5”; r = I,0 = 74.5”; T N 1.1, 0 = (r/2). For Ar = .1.5, 
we get a supersonic bubble at M, = .404 and .43 while for Ar = .20, 
it occurs at Mm = .4. We did not compute the case when Ar = .20 and 
APPROXIMATING EXTREMALS OF FUNCTIONALS 109 
A&,, = .43. Only three typical cases are shown in Fig. 4 and the numerical 
results for other cases are given in Tables 1, 2, and 4. 
Figure 7 gives the speed of the fluid on the line fl = (w/2). 
Figure 8 shows two typical cases for the acceleration of the fluid on the 
surface of the cylinder. For the supersonic bubble case (AY = .I, &I, = .43), 
we find a sharp maximum at 8 = 99”. Numerical results for other cases are 
recorded in Table 5. 
Pressure coefficient CD is plotted in Fig. 9 for the typical case M, = .43, 
AY = .l. In Table 6 we have included both p/pm and C, . 
C 
P 
1. 5 
1. 0 
0.5 
0 
-0.5 
-1.0 
-1. 5 
-2.0 
-2.5 
-3.0 
-3.5 
-4 
-4. 5 
-5 
0 10 20 30 40 50 60 70 80 90 
FIG. 9. Pressure coefficient on the surface of the cylinder when Mm = .43 and 
Ar = .l. 
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The program was checked for the case AY = .2, Mm = .3 by changing 
the boundary and the boundary conditions. We first took R = 5 and applied 
the boundary condition (31) on R = 5. We then took R = 30 with the bound- 
ary condition (24) on R = 30. The values agreed to two decimal places. 
V. CONCLUSION 
By using the crude forward difference method for approximating the extre- 
ma1 integral for a steady compressible fluid flow past a circular cylinder, it 
is found that the method of Section III works well. A supersonic bubble 
appears in each case when the Mach number is slightly greater than the 
critical Mach number. At the critical Mach number the maximum speed of 
the fluid is of the same order as the local speed of sound and everywhere 
else the flow is entirely subsonic. The computed results for the critical Mach 
number and the Mach number when the supersonic bubble appears are 
recorded as follows: 
Mesh length 
AT MC0 Type of flow 
.2 .300 Subsonic 
.390 Subsonic 
.392 Sonic point 
.400 Supersonic bubble 
.15 .3975 Sonic point 
.404 Supersonic bubble 
.430 Supersonic bubble 
.lO .392 Subsonic 
A00 Subsonic 
404 Sonic point 
.430 Supersonic bubble 
The numerical method consistently failed to yield results in all cases when 
M, > .43. 
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